On the conformal bootstrap for SL(2,R)-WZNW models by Teschner, J A
LPM-97/??
On the conformal bootstrap for SL(2,R)-WZNW models
J. A. Teschner
Laboratoire de Physique Mathematique,
Universite Montpellier II,
Pl. E. Bataillon, 34095 Montpellier, France
teschner@lpm.univ-montp2.fr
Abstract
Quantization of the SL(2,R)-WZNW model will be discussed from the point of view of the
conformal bootstrap. Conformal blocks are dened from representations of ane sl(2) that are
neither of highest nor lowest weight type. The general expression for the structure constants
resp. three point functions is derived. Supplemented by a conjecture on the set of intermediate
representations that contribute in four point functions these results amount to a complete
proposal for the denition of these correlation functions. The conjecture is shown to be valid
in the semiclassical limit and together with the explicit expression for the structure constants
reproduces the known cases where fusion rules restrict the set of intermediate representations.
The absence of intermediate representations corresponding to the discrete series of SL(2,R)
indicates a possible resolution of stability problems of other approaches.
1. Introduction
The investigation of rational conformal eld theories has led to a wealth of information on
this subclass of conformal eld theories. It has proved to be important for applications to
string theory and two dimensional critical statistical mechanics models. A beautiful structure
emerged allowing rational conformal eld theories to be viewed as generalizations of group theory
[BPZ][MS][FFK] 1. In these investigations the WZNW-models played a distinguished ro^le as
they are among the examples of rational conformal eld theories that could be solved most
explicitly, cf. i.e. [KZ][FZ][TK].
However, very little is known about conformal eld theories that are neither rational nor
quasi-rational. Such theories will be needed whenever one wants to describe non-compact back-
ground manifolds in string theory. Some of the most interesting examples of such non-compact
backgrounds were found to be described by cosets of WZNW models associated to non-compact
groups such as SL(2;R)=SO(1; 1), which was conjectured to describe string propagation in the
background of a Minkowskian black hole in two dimensions. It is therefore reasonable to start
investigation of non rational and non quasi-rational theories by studying WZNW models as-
sociated with non-compact groups not only because they presumably are among the simplest
examples, but also since they are directly relevant to physically interesting models.
1Not to forget the important developments in the algebraic approach to quantum eld theory, see i.e. [FRS]
and [Jo] for a review of recent developments
The approach to the SL(2,R)WZNW model to be proposed will be discussed mainly by con-
sidering the construction of the full (non-chiral) four point function on the sphere. According to
the general philosophy of the conformal bootstrap [BPZ][MS] that any n-point function at genus
zero is obtained by \sewing" together three point functions one expects that most qualitative
diculties of the general case already occur in the case of n = 4.
Since the symmetry algebra for the SL(2,R) WZNW model is given by the direct sum of twocsl2 Kac-Moody algebras generated by a holomorphic resp. antiholomorphic current, one may
expect the following general form of the four point function of four Kac Moody primary elds:





























(z4; : : : z1)
Three pieces of information have to be determined to make this ansatz into a denition:
1. Conformal blocks Fj21 , where the Fj21 are holomorphic (resp. anti-holomorphic) in the
variables z4; : : : ; z1 (resp. z4; : : : ; z1) as long as no two variables take equal values.
2. Structure constants: C(j4; j3; j21) coincides with the factor of the three point function
that is not determined by projective invariance, whereas the operator product coe-
cients C(j21jj2; j1) are given in terms of two- and three point functions as C(j21jj2; j1) =
B(j21)C(j21; j2; j1).
3. Range of integration J21 over j21. This corresponds to knowledge of the set of intermediate
representations that contribute in the intermediate channel. As will be discussed, in general
one expects both integration over continuous sets of j21’s and summation over discrete
contributions to occur, which may be incorporated in (1) by allowing a nontrivial measure
d(j21).
In view of these points the following progress will be reported in the present article:
First, a denition of the conformal blocks via summation over intermediate states is given. The
general strategy is similar to that used in [TK], but since the relevant Kac Moody representations
will in general be neither of highest nor lowest weight type one has to face additional technical dif-
culties. From this denition one may derive (a generalization of) the Knizhnik-Zamolodchikov
(KZ) equations2 that characterize the conformal blocks more conveniently. These equations are
now partial dierential equations and will therefore generically have solutions corresponding to
continuous sets of intermediate representations j. However, in special cases associated with null
vectors one nds additional dierential equations that further restrict the space of solutions to
a nite dimensional space.
Second, given an assumption on the possibility to analytically continue in the parameters
ji, i = 1; : : : ; 4, the general expression for the structure constants C(j3; j2; j1) will be derived.
To that aim two special cases will be considered in which additional null vector decoupling
equations allow to explicitly determine the conformal blocks. Crossing symmetry (resp. locality
of the corresponding eld operators) then leads to certain functional relations that the general
2These equations were previously used in the SU(2) WZNW model in [FZ]
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structure constant C(j3; j2; j1) has to satisfy. A solution is found and shown to be unique up to
a factor depending on the level of csl2.
Finally, the set of intermediate representations is determined in the semi-classical limit, where
the problem may be formulated as \mini-bootstrap" using sl2 instead of csl2 representations and
therefore reduces to harmonic analysis. This motivates a precise conjecture on the general case.
The nontrivial consistency of this conjecture with the (pole structure of the) previously found
structure constants gives further evidence for this conjecture.
Taken together, these pieces of information amount to a proposal for the denition of the
general four point function. However, this can of course not be the end of the story. Perhaps
most importantly it remains to establish crossing symmetry (resp. locality). Nevertheless a
beautiful picture of the theory seems to be emerging that has some surprising features. So it
is found that in the semi-classical limit the expansion (1) of a four point function of operators
that transform as principal or supplementary series representations of SL(2,R) does not involve
contributions from intermediate representations of the discrete series. This is surprising since in
general one expects operator products to generalize tensor products of zero mode sub-algebra
representations, and these will generically contain discrete series representations [Pu]. If estab-
lished for the full quantum theory this fact would have profound and important consequences
for physical applications such as in the black hole cosets SL(2;R)=U(1) or SL(2;R)=SO(1; 1).
In particular, it would provide a mechanism to cure the instability problems of some of these
CFT’s [G] and appears to be an necessary requisite for the conjectured dualities between axial
and vector coseting to hold. I intend to discuss these matters in more detail elsewhere.
Acknowledgments
I would like to thank A.B. and Al.B. Zamolodchikov for valuable discussions. They indepen-
dently found some crucial results such as the structure constants. Furthermore I would like to
thank the LPTHE Jussieu, Paris 6/7, where part of the work was done for hospitality.
1.1. General structure of the bootstrap
The proposal that correlation functions of primary elds have a general form as exempli-
ed in (1) amounts to the conjecture that the conformal eld theory may be constructed
within a formalism that is very similar to that developed for rational conformal eld theories
in [BPZ][MS][FFK]. It may be helpful to present a general overview on how the representation
theoretic approach developed in [BPZ][MS][FFK] may be generalized to the present situation
before going into more detailed discussions.
In this approach the construction of correlation functions is reduced to representation theory
of the chiral algebra, which here will be taken as the Kac-Moody algebra csl2 at level k = t− 2.
The considered representations will be labeled by a (a priori complex) variable j and denoted P^j,
where the hat is used to distinguish them from the corresponding representations Pj of the sl2
sub-algebra. These representations are neither lowest nor highest weight representations. Two
classes of representations should be mentioned as they will play an important role: First, I will
consider representations of csl2 that correspond to principal series representations of SL(2,R).
These will have j = −12 + i;  2 R and will be referred to as principal series of csl2. Second for










2 with r; s 2 Z
0 one nds
that P^j becomes reducible1. These representations will be denoted Qr;s. For values of j other
1Although in a slightly more subtle way than usual, cf. 2.4.3.
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than jr;s one has irreducibility of P^j .
The basic ingredients of correlation functions are the conformal blocks. Mathematically they
represent coinvariants on tensor products of csl2-representations. As usual, the genus zero confor-
mal Ward identities allow to express them in terms of certain coinvariants on the tensor product
of sl2 representations.
They may be constructed in terms of so-called chiral vertex operators which may be viewed
as generalizations of the Clebsch-Gordan intertwining maps that map the tensor product of two
irreducible sl2 representations into a third:
CJ : Pj2 ⊗Pj1 ! Pj3; v2 ⊗ v1 ! CJ[v2⊗^v1];
where J = (j3jj2j1). In the case csl2 one has to use a nontrivial co-product for the csl2 action on
tensor products of representations [MS][FFK][Ga] in order for all three representations involved
to have the same central charge. This co-product may be considered as a deformation of the usual
sl2 co-product where the deformation parameters z2; z1 are nothing but the position variables
that parameterize the insertion points of the vertex operators on the sphere. The corresponding
intertwining maps (chiral vertex operators) will be denoted as
C^J(z2;z1) : P^j2 ⊗ P^j1 ! P^j3; v2 ⊗ v1 ! C^J(z2;z1)[v2⊗^v1]:
In fact, the construction of these objects involves the usual Clebsch-Gordan maps of the sl2
subalgebra that C^J is supposed to generalize. But in contrast to the sl2 Clebsch-Gordan maps
the operation of permuting the tensor factors is no longer trivial on chiral vertex operators:
C^J(z2;z1)[v2⊗^v1] = Ω(J) C^J(z1;z2)[v1⊗^v2];
where Ω(J) is some generically nontrivial phase factor.
With the help of an invariant bilinear form B(:; :) on csl2 (resp.sl2) representations one may
dene certain canonical sets of coinvariants on the tensor products of four representations by










































I0 = (j4jj32j1) I = (j32jj3j2):
The corresponding objects for sl2 obtained by C^J ! CJ will be denoted by F ! Fc and are of
course zi independent.
The values of of the \external" j4; : : : ; j1 will usually be considered as xed, so the individual
elements of these sets of conformal blocks are labeled by j21 resp. j32 respectively. For the
case of sl2 it will be shown, for the case of csl2 conjectured that certain subsets of s-channel
(resp. t-channel) conformal blocks form alternative bases2 of the same linear space H, and will
therefore be related by linear transformations. Let me denote B21 (resp. B32) a basis for H
formed by s-channel (resp. t-channel) conformal blocks and J21 (resp. J32) the corresponding
2In the sense of plane-wave bases
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sets of j21 (j32) indexing these bases. For the case of sl2 it will be shown that there exists a



































for any j32 2 J32. This kernel is an obvious generalization of the Racah-Wigner (resp. 6j)
symbols for the case of SU(2).
A conjecture for the present approach will be that for csl2 there analogously exist linear in-




































The notation d(j32) has been chosen to include the case that one does not only have to integrate
over continuous sets of j32 but may have to sum also over a discrete set, which can be described
by some piecewise constant measure (j32). In analogy to the corresponding object in rational
conformal eld theories one may call Fj21j32 the fusion kernel. Fusion kernel Fj21j32 and braiding
phases Ω(J) would then completely describe the monodromies of conformal blocks. In particular

















































If one now attempts to dene correlation functions in a form (1) then the fundamental phys-
ical requirement of locality represents itself as in the case of rational conformal eld theories
[BPZ][MS][FFK] in the form of an orthogonality relation3 involving the braiding kernel and the
structure constants C(j3; j2; j1)Z












31) C(j4; j2; j31)C(j31jj3; j1):
(4)
Having dened the conformal blocks one has (at least in principle) also dened the braiding
kernels, so that this equation is to be read as restriction on the unknown C(j3; j2; j1). The
locality condition (4) is well known to be equivalent to the condition of crossing symmetry
which involves C(j3; j2; j1) and the fusion kernel:Z












32) C(j4; j1; j32)C(j32jj3; j2):
(5)
Of course the set J21 that is integrated over in (1) must be such that it labels a set of s-channel
conformal blocks that is closed under braiding, i.e. for any F
(s)
j31
2 B31 that appears in the
3Here and elsewhere it is of course essential that the conformal blocks are diagonally coupled in (1). It may
be interesting and necessary i.e. in the context of reduction to Liouville theory to consider also non-diagonal
coupling.
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elements of the set B21 only. In view of the relation (3) between fusion and braiding this is
equivalent to a similar statement of closedness under fusion. There may be more than one such
set, but if one has found one it is possible to consider others as providing consistent extensions
of the conformal eld theory dened by the rst.
The set J21 that will be proposed in the present paper is most easily described for a certain
range of values for j4; : : : j1 that will be referred to as \fundamental range". Within that range
J21 will be conjectured to be fj21; j21 = −
1
2 + i;  2 Rg. Note that J21 is independent of
j4; : : : j1 as long as they do not leave the fundamental range.
This is expected to dene J21 for arbitrary values of j4; : : : j1 via analytic continuation of the
expression (1) in these variables. As will be discussed in more detail, one will in considering
the analytic continuation of (1) encounter situations where poles cross the proposed integration
contour. The result may then be rewritten in terms of an integration over the original contour
plus a nite sum of residue terms.
The conjecture on Jj21 will partly be motivated and supported by an analysis of the analogous
problem for sl2 representations. This latter problem is expected to describe the semi-classical
asymptotics of the objects of the SL(2,R) WZNW conformal bootstrap, thereby justifying the
hope that the set of j21 integrated over in (1) is not qualitatively dierent.
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2. Conformal blocks
The strategy for denition of conformal blocks to be used is based on the notion of chiral
vertex operators. It is therefore similar to the strategy used in the case of WZNW-models for
compact groups in [TK]. I will restrict myself to the case of the four-point conformal blocks in
genus zero, as most of the qualitative problems arising in the denition of genus zero conformal
blocks are already present.
Furthermore, I will for the construction of conformal blocks primarily consider the following
range (fundamental range) of values for the external jk as well as the internal jkl (k 6= l 2
f1; : : : ; 4g):
−1 + t < <(jk + jl) +
1
2 < 0





2 + ikl; for any k 6= l 2 f1; : : : ; 4g: (6)
It is expected that the denition given for this fundamental range allows to dene conformal
blocks for more general values of the j’s by analytic continuation.
2.1. The relevant Kac-Moody representations
The aim of this subsection is to introduce the class of representations that will be used
for the construction of conformal blocks afterwards. These representations will be neither of
lowest nor highest weight type, which is the crucial distinguishing feature as compared to the
representations usually considered in the context of WZNW-models for compact groups.
2.1.1. Algebra


















The generators of the zero mode sub-algebra sl2 will also be denoted as J
a  Ja0 , a 2 f−; 0;+g.
The universal enveloping algebra U(csl2) contains a Virasoro algebra by the usual Sugawara


















where Q = 12(2J












m; for n 6= 0
where the non-vanishing elements of ab are +− = −1 = −+, 00 = 2. Note that I will be
primarily interested in negative irrational values of the central charge k = t− 2. Since the dual
pairing instead of a scalar product will be used to dene conformal blocks, I do not need to
choose a real form of sl2 resp. csl2 here.
2.1.2. Zero-mode representation
In the representations of sl2 to be considered, denoted Pj , the algebra sl2 is realized by
dierential operators acting on the space C1(S1) of functions f(’) on the circle. The action of
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the generators is given by
J0f = i@’f J
f = ei’(i@’  j)f (8)
The Casimir Q takes the value j(j+ 1). A convenient basis for the representation space is given
by the set of vectors ejm, m 2 Z that diagonalize J0. Their wave-functions in ’-representation
are e−im’.
The representation is irreducible for j =2 Z. In the case j 2 Z one may decompose the rep-
resentation into irreducible representations with highest/lowest weight vectors (discrete series)
and/or both (nite dimensional representations), cf. [GGV], chap. VII.
For physical applications one will be interested mainly in the cases that will correspond to
real values of the Casimir Q. The cases compatible with the fundamental range are
(a) Principal series: j = 12 + i,  2 R, and
(b) Supplementary series: j 2 R, −1 < j < 0.
These are cases where scalar products can be dened to make the representations unitary
[Ba][GGV]. However, it is important to note that the construction of conformal blocks to be
given in the present section works for any complex values of the jk contained in the fundamental
range, as it uses the dual pairing instead of scalar products.
Distributions on C1(S1) represent elements of the dual Ptj of Pj . Since elements of P
t
j
generalize measures d(’) it is convenient to write the dual pairing as




Dening dierentiation of distributions as usual one may dene the action of the SL(2,R)-
generators on Ptj as
J0d  (J0)td = −i@’d
J−d  (J+)td = e−i’(−i@’ − j − 1)d (9)
J+d  (J−)td = ei’(−i@’ + j + 1)d;
where At denotes the transpose of the operator A. The action on the subspace of Ptj consisting
of C1 functions is equivalent to that on P−j−1 (via ’! −’). In particular, the basis e
j
m dual




For j =2 Z one has equivalence of representations Pj and P−j−1, as reflected in the existence
of the intertwining operator [GGV]













where the normalization has been chosen such that B−j−1Bj = id.
Also used will be the equivalent representation on C1(R) given by
F 3g = i2
(
(1 + x2)@x − 2jx

g
F 1g = i2
(
(1− x2)@x + 2jx

g
F 2g = i(x@x − j)g
F 1  12(J
+ + J−)
F 2  i2(J
+ − J−)
; F 3  J0
which is obtained from the previous one via
f(’) = (1 + x2)−jg(x); ’ = 2 arctan x: (10)
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2.1.3. Representations of csl2
One can use the previously discussed zero-mode representations to dene representations of




m = 0 for n > 0
and that the representation space P^j of the ane algebra is spanned by all expressions of the
form




m; n1; : : : ; nk  0; m 2 Z




−1j(j + 1)ejm  (j)e
j
m








by the oscillator level n =
Pk
i=1 nk and the J
0
0 eigenvalue m respectively. The spaces (P^j)m;n
are nite-dimensional. It will be useful to introduce a basis for (P^j)m;n: Let In be the set of all
tuples
I = ((r1; : : : ; ri; : : :); (s1; : : : ; sj; : : :); (t1; : : : ; tk; : : :)) (11)
such that

































i ri, forms a basis for (P^j)m;n.
Introduce the conjugation t on U(csl2) via
(Jan)
t  J−a−n; a 2 f−; 0;+g (AB)
t = BtAt
and the linear forms bjm;I on (P^q; )m;n by








m0 >= m;m0 :
Existence of null vectors in (P^j)m;n is then equivalent to vanishing determinant of the matrix




m;J > I; J 2 In:
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The determinant of (M
j(n)
m )IJ is up to a non-vanishing, basis-dependent factor given by the
Kac-Kazhdan determinant formula [KK] for the Verma module with highest weight given by











r; s  0 (13)
The representations with these j are reducible and will be denoted as Qr;s. I will need discuss
these cases a bit more later, but for the moment continue to consider j’s in the fundamental range
which excludes j = jr;s. Dealing with irreducible representations one may write the projection







IJ bjm;J ; (14)







2.2. Chiral vertex operators
The aim of this subsection is to introduce chiral vertex operators  J, J = (jjj2; j1) as maps
C^J(z2;z1) : P^j2 ⊗ P^j1 ! P^j
v2 ⊗ v1 ! C^J(z2;z1)[v2 ⊗ v1]
that realize the co-product for csl2-representations given in [Ga]. The main step is to construct
the simpler objects (primary chiral vertex operators)
 J : Pj2 ⊗ P^j1 ! P^j
f2 ⊗ v1 !  J(f2jz2)v1
that satisfy the dening property






These will be dened recursively from appropriate intertwining operators for the sl2 zero mode
subalgebra, i.e. basically operators that satisfy (15) for n = 0.
2.2.1. sl2-intertwiner
The result that I will need is the following: The Clebsch-Gordan map CJ, J = (jjj2; j1)
CJ : Pj2 ⊗Pj1 ! Pj ; f2 ⊗ f1 ! CJ[f2 ⊗ f1]
is given by























= D(j3; j2; j1)sin (’2−’12 j3−j1−j2−1 sin (’3−’12 j2−j1−j3−1 sin (’3−’22 j1−j2−j3−1 ;
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and the coecients D(j3; j2; j1) have been chosen for later convenience as














2(j1 + j2 − j3 + 1)






2(j1 + j2 + j3 + 2):
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These two representations are related by the substitutions xi = tan’i=2, taking into account
the factors (1 + x2i )
ji .
In order to verify this statement one should observe that the necessary and sucient conditions
for CJ to satisfy the intertwining property for the generators Ja irrespective of the choice of f1,


















(xi@i + ji + 1)  = 0





It remains to nd the correct prescription to match local solutions at the singularities x1 = x2,
x3 = x1, x3 = x2. To this aim consider the distributional derivative of dj(x)  a(x)xj +












f being assumed to be dierentiable one sees that for −1 < <(j) < 0 one has @xdj(x) = jdj−1
only if one chooses a = b in which case dj(x) = ajxjj . This is why the absolute values appear in
the expressions for , .
2.2.2. Chiral vertex operators
It suces to dene  J(f2jz2)v1 for v1  f1 2 Pj1  P^j2 since (15) allows to extend the
denition of  J(f2jz2)f1 to all of P^j1 .  J(f2jz2)f1 will be constructed as a formal series of the
following general form:







J [f2 ⊗ f1] where 
(n)
J [f2 ⊗ f1] 2 (P^j)n (16)















IJ CJ[OJ(f2 ⊗ f1)]; (17)
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where the action of the operator OJ : Pj2 ⊗Pj1 ! Pj2 ⊗Pj1 is dened by







i=1 ri s(J) =
P1
j=1 sj t(J) =
P1
k=1 tk
for each tuple J = ((r1; : : : ; ri; : : :); (s1; : : : ; sj ; : : :); (t1; : : : ; tk; : : :))
(18)
The sum over m will be considered as formal sum for the moment.
This expression may be understood by considering
jm;n J(f2jz2)f1: (19)



















The linear space spanned by the operators  J;m(z)   J(e
j2
mjz) forms a representation of the
sl2 zero mode algebra equivalent to Pj2 . One may enlarge the space of operators by the so-called





























This amounts to extend the denition of  J, J = (jjj2; j1) to maps
 J : P^j2 ⊗ P^j1 ! P^j
v2 ⊗ v1 !  J(v2jz2)v1:
It may be shown from the denition (20) that for the descendants the covariance property (15)
is generalized to











k v2jz2)v1 where l(n) =

n for n  0
1 for n < 0
(21)
This is just the co-product proposed in [MS][FFK] to represent fusion of Kac-Moody represen-
tations. The complete chiral vertex operators C^J(z2;z1) are then simply given by
C^J(z2;z1)[v2 ⊗ v1]   J(v2jz2)e
z1L−1v1 = e
z1L−1 J(v2jz2 − z1)v1:
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2.3. Conformal blocks
The aim of this section will be to introduce conformal blocks as the following linear form on
Pj4 ⊗ : : :⊗Pj1
< f4;  J0(f3jz3) J(f2jz2)f1 >; (22)
where f4 = Bj4f4 and J0 = (j4jj3; j), J = (jjj2; j1). The denition of chiral vertex operators
given in the previous section leads to an expression for Fj as the following formal series:





















IJ < bjm;J ;  J(f2jz2)f1 >







(x4; : : : x1) such
that




















(x4; : : : x1)f4(x4) : : : f1(x1); (23)
where (J) = (j)−(j2)−(j1) and the kernels F
(n)
j possess the following properties:


























(x4; : : : x1) is a real analytic function o the singularities at xi = xj,
i 6= j, i; j 2 f1; : : : ; 4g.
3. Singularities: The singular behavior for xi ! xj is of the form jxi − xjj. In particular one








(x) ’ Ajxjj−j1−j2−1−k(n) +Bjxj−j−1−j1−j2−1−k(n);































(x4; : : : x1)
will then be referred to as the kernel of the conformal block < f4;  J0(f3jz3) J(f2jz2)f1 >.
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2.3.1. Case n=0
In the case of n = 0 one has





d’eim’CJ[f2 ⊗ f1](’) (25)
< f4;  J0(f3jz3)e
j





d’e−im’CJ0 [f3 ⊗ f4](’); : (26)













sin’4−’042 −2j4−2 −j4−1’04 j3’3 j’ =  j’ j3’3 j4’4
as follows by going to the x-representation as a special case of the integral (27) evaluated in an
appendix to this subsubsection.
If f1, f2 (resp. f3, f4) are suciently smooth functions then also CJ[f2⊗f1](’) (resp. CJ0 [f4⊗
f3](’)) will be suciently smooth. Their Fourier coecients (25)(26) will then decay suciently
fast for large m to make the summation over m convergent. Therefore
1X
m=−1









































f4(x4) : : : f1(x1)





























is absolutely convergent one may interchange orders of integration to obtain the desired result
for n = 0. The integral is explicitly evaluated in the following appendix.


































































dtjt− 1jj4−j3−j−1jt− xjj1−j2+j jtjj2−j1+j
By splitting the range of integration such that the absolute values disappear one may rewrite
Fj(x)
(0) as a sum of four contributions each of which may be expressed in terms of hyperge-
ometric functions, two of them with argument x, two others with argument 1 − x. Using the
standard connection formulae for hypergeometric functions and some Gamma-function identities








































(x) = jxj−j1−j2−2−jF (j3 − j4 − j; j2 − j1 − j;−2j;x): (29)
2.3.3. Case n  1



























d’ e−im’CJ0 [ OI(f3 ⊗ f4)](’)
Z 2
−2
d’ eim’CJ[OJ (f2 ⊗ f1)](’);
where OJ was dened in (18) and the OI is obtained by replacing J
a ! −Ja.
In this expression the m-dependence is given by (M jm)IJeim(’−’
0). (M jm)IJ may be shown
from its denition to be a rational function of m such that limm!1(M
j








therefore denes a distribution that may be represented by a real analytic function for ’ 6= ’0.
The singular behavior at ’ = ’0 is of the form
dIJ(’− ’0) = a(’ − ’0) + b sgn(’− ’0) + r(’− ’0);
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where (’ − ’0) is the usual delta-distribution, r(’ − ’0) is continuous at ’ = ’0 and a, b are
(possibly vanishing) constants.














d’d’0 CJ0 [ OI(f3 ⊗ f4)](’) d
IJ(’− ’0) CJ[OJ(f2 ⊗ f1)](’
0);





























(’4; : : : ’1) that has the claimed properties 1.-3. stated
at the beginning of this subsection.
For smooth fi one may then change the orders of integration over ’;’
0 with ’4; : : : ; ’1 to
arrive at equation (23).
2.3.4. s-channel vs. t-channel conformal blocks
The conformal block just constructed (s-channel conformal block) would read in the notation








J0 = (j4jj3j21) J = (j21jj2j1)









I0 = (j4jj32j1) I = (j32jj3j2);
By going through an analogous chain of steps as in the case of the s-channel one arrives at a
representation of the t-channel conformal block as formal power series in 1− z2z3 .
2.4. Differential equations for the conformal blocks
The conformal blocks introduced in the previous subsections will be seen to satisfy some
generalization of the KZ-equations. In terms of the corresponding kernels these are partial
dierential equations that possess continuous families of solutions. One issue will be to identify
sets of solutions that can be identied with the conformal blocks. In changing attention from
the conformal blocks to the corresponding kernels it will be more convenient to let jk ! −jk−1,
k = 1; : : : ; 4 throughout.
If some of the values of the external ji, i = 1; : : : ; 4 happen to equal some j

r;s one will nd
additional dierential equations from null vectors. This may appear somewhat surprising in the
present context where representations that have neither highest nor lowest weight vectors have
been used. As will be explained further, this phenomenon is due to the fact that by allowing
distributional vectors in the zero mode representation space one may embed the highest or lowest
weight representations into the P^j .
16
2.4.1. Knizhnik-Zamolodchikov equations
I will be rather short on the derivation of the KZ equations, as it is very similar to the
derivation given i.e. in [FR]. It is based on the result that the chiral vertex operators satisfy




























t21Fj [f4 ⊗ : : :⊗ f1] =
X
a;b=−;0;+
ab Fj [f4 ⊗ f3 ⊗ J
af2 ⊗ J
bf1]
t32Fj [f4 ⊗ : : :⊗ f1] =
X
a;b=−;0;+
ab Fj [f4 ⊗ J
af3 ⊗ J
bf2 ⊗ f1]
By the arbitrariness of the fi this is equivalent to a similar equation for the kernel of the
conformal block where the generators Ja are replaced by the corresponding dierential operators.
It will be convenient to use the x-representation from now on. By exploiting projective invariance
for the xi-dependence and dilatational invariance for the zi dependence one nds an equation
for the cross-ratios x  (x2−x1)(x4−x3)(x3−x1)(x4−x2) and z =
z2
z3
which was rst considered in the context of










where (  j1 + j2 + j3 − j4)
P = x2(1− x)@2x + (( − 1)x
2 − 2j1x+ 2j2x(x− 1))@x − 2j2x+ 2j1j2
Q = (1− x)2x@2x − (( − 1)(1− x)
2 − 2j3(1− x) + 2j2x(x− 1))@x − 2j2(1− x) + 2j3j2
2.4.2. Solutions to KZ

















Consequently the coecients F
(s)
j21;n
must satisfy the set of recursion relations





















in terms of F
(s)
j21;n
up to solutions of ((J) +n− t−1P )f = 0. However, the corresponding
ambiguity can be xed by observing that solutions which can be identied with conformal blocks







xm F (s)j21mn ; (34)
where as previously discussed I will assume that j21 = −
1
2 + i. On the other hand side the
exponents n at the singular point jxj = 0 of solutions to the homogeneous equation ((J) +
n− t−1P )f = 0 are determined by the equation
n −











− tn = 0;
the roots of which are of the form j1 + j2 −
1
2 + i
0(n) with  6= 0(n) 2 R. Contributions from
solutions of the homogeneous equation are therefore excluded.
Furthermore one has to check that there always exists a solution of the required form (34).
First observe that by taking the jxj ! 0 asymptotics of (33) and an easy induction one nds that
k(n) = n. In order to satisfy (33) the coecients F
(s)j21
mn will have to satisfy recursion relations
























Bm = (n +m− )(n +m− 2j2)
; n  j1 + j2 − j21 − n
and the G
(s)j21











The recursion relations are solvable unless there is some m for which Am = 0. But Am =
(m− n)2 − (2j21 + 1)(m− n)− tn, which for 2j21 + 1 = 2i and irrational t will not vanish for
any integer m.
2.4.3. Decoupling equations
The representations P^j considered up to now were neither of highest nor lowest weight type.
Nevertheless it will be argued in this subsubsection that the conformal blocks constructed pre-
viously will satisfy additional dierential equations if one of the external spins ji equals j

r;s such
that the Verma module Vji contains null vectors.
The crucial point is that the conformal blocks may be evaluated on much larger classes of
functions fi i = 1; : : : ; 4 than only smooth ones, and even on certain distributions. Evaluating





(y4; : : : y1). Consider therefore the
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action of sl2 on the delta-distribution (x). It is easy to see that
F+(x) = 0 F+  −i(F 3 − F 1) = x(x@x − 2(−j − 1))
F 0(x) = j(x) F 0  −iF 2 = x@x − (−j − 1)
F−(x) 6= 0 F−  −i(F 3 + F 1) = @x
in the distributional sense, i.e. when evaluated against test-functions. One thereby nds a
highest weight representation of the sl2 algebra generated by F
, F 0 with spin j and highest
weight vector vj  (x). This highest weight representation may be considered to be localized
at x = 0. Via translation one obtains isomorphic representations Vj;y for any other x:
F+(y)(x − y) = 0 F+(y)  −i(F 3 − F 1) = (x− y)((x − y)@x − 2(−j − 1))
F 0(y)(x − y) = j(x) F 0(y)  −iJ0 = (x− y)@x − (−j − 1)
F−(y)(x − y) 6= 0 F−(y)  −i(F 3 + F 1) = @x
In a formal sense one may therefore consider the sl2 representation on such spaces of distributions
to decompose into a continuous direct sum of highest weight representations localized at each
point of the real line.
In this spirit one may also consider chiral vertex operators such as
 J(y2jz2)   J(y2 jz2) if y2(x2) = (x2 − y2)
and three point conformal blocks












As previously in 2.2.3. one may extend the sl2 representation Vj;y2 that is naturally realized on
the chiral vertex operators  J(y2jz2) to a highest weight representation of csl2. To this aim one






















Now if there is a null vector in the sl2 representation with spin j2, which may be assumed




−n) being some polynomial, then one will nd that the
descendant






transforms as a primary chiral vertex operator according to (15). Vanishing of the expec-
tation value < y3j J(n(y2)jz2)jy1 > will therefore imply vanishing of arbitrary matrix ele-
ments of  J(n(y2)jz2) and thus vanishing of the operator itself. Observe that by sl2 invariance
< y3j J(n(y2)jz2)jy1 > has to be of the form
< y3j J(n(y2)jz2)jy1 > = z
(J)+k






if J0n = (−j2 − 1 − r)n and L0n = ((j2) + k)n. The task of evaluating E(j1; j2; j3) may
therefore be simplied by taking x3 to innity. It then reduces to the calculation done in [AY]
to determine the fusion rules of admissible csl2 representations. The result is that E(j1; j2; j3)
vanishes i
for j2 = j
+
r;s



















 m = 0; 1; : : : r; n = 0; 1; : : : s
m = 0; 1; : : : r; n = 0; 1; : : : s− 1
(35)
for j2 = j
−
r;s



















 m = 0; 1; : : : r; n = 0; 1; : : : s− 1
m = 0; 1; : : : r; n = 0; 1; : : : s
(36)










2 − 2(1 + t)J0−1J
−
0 − t(1 + t)J
−
−1)v−t=2 (38)
The corresponding decoupling equations are




In terms of the cross-ration x this reads
@2xF = 0: (I)






































By again using projective invariance for the xi-dependence and dilatational invariance for
the zi -dependence this simplies to




x = x(x− 1)(x− z)@3x
−((− 2)(x2 − 2zx+ z) + 2j1x(z − 1)− 2(1 + t)x(x− 1) + 2j3z(x− 1))@2x




The aim of the present section will be to derive an explicit expression for the structure con-
stants C(j3; j2; j1) that appear in the expansion (1) for the four point function of four arbitrary
primary elds.
The method to be used will consist of considering the special cases where j2 = 1=2 or j2 =
−t=2. For these cases the conformal blocks were shown to satisfy dierential equations restricting
their x-dependence in addition to the KZ-equations. The solution space of the combined system
of KZ and decoupling equations will be shown to be nite dimensional, so that fusion and
braiding are represented by nite dimensional matrices, which will be explicitly calculated. The
requirement of crossing symmetry now takes the formX
j212I21










= j32;j032 C(j4; j1; j32)C(j32jj3; j2):
(39)
Given matrices Fj21 , the equations (39) are nite dierence equations for the unknown
C(j3; j2; j1). It will be shown that a solution to both the equations from j2 = 1=2 and j2 = −t=2
exists and is unique when t is irrational.
Identifying the such determined structure constants C(j3; j2; j1) with the structure constants
appearing in (1) rests on the assumption that indeed the analytic continuation of (1) from
the fundamental range1 to j2 = j

r;s yields the four point functions that satisfy the null vector
decoupling equations. This assumption appears to be nontrivial since the construction of confor-
mal blocks presented in the previous section probably also may be used to construct conformal
blocks that for j2 = j

r;s do not satisfy the decoupling equations. The assumption therefore
is that such contributions vanish when j2 reaches j

r;s. This may look hopeless but it is not:
The expression found for C(j3; j2; j1) together with the choice of J21 suggested by semiclassical
arguments will be shown to be precisely such that only the contributions allowed by the fusion
rules survive taking j2 ! jr;s. This result may thus be viewed as providing nontrivial evidence
for the consistency of the present approach.
3.0.1. Liouville case
It will turn out that parts of the analysis are closely related to the corresponding analysis for
Liouville theory [Te]. This will not only allow to simplify some calculations but also shed some
interesting light on the relationship of these theories.
The relation between the central charges is given by
t = −b−2 when the Liouville central charge is cL = 1 + 6(b+ b
−1)2
whereas the relations between Liouville-momentum  resp. conformal dimension L() and the
WZNW-spin j are
  −bj; L()  (b+ b
−1 − )
The relevant null vectors are






























GL(z) = 0; (I)L
where L = L(3) + L(2) + L(1) − L(4). The corresponding equation in the case
2 = −b−1=2 is obtained by b! b−1 and will be referred to as (II)L.
3.1. Solutions to decoupling equations (I)L, (II)L
In order to x some notations it is useful to review the Liouville case rst. Introduce param-
eters
u = b(1 + 3 + 4 − 3b=2) − 1 u = b−1(1 + 3 + 4 − 3b−1=2) − 1
v = b(1 + 3 − 4 − b=2) v = b−1(1 + 3 − 4 − b−1=2)
w = b(21 − b) w = b−1(21 − b−1)









1−b(1−b)(1− z)b3F (u− w + 1; v − w + 1; 2 − w; z)
t-channel:
GL(t)+ = z




b1(1− z)1−b(3−b)F (w − u;w − v;w − u− v + 1; 1 − z)
Similarly, the solutions to (II)L are obtained by replacing b! b−1 and u; v;w ! u; v; w.
3.1.1. Fusion and braiding
If a basis for the space of conformal blocks with diagonal monodromy around the origin is
chosen then fusion matrix and the phases Ω(0) ,  = +;− dened by 1
GL(0) (e
iz) = Ω(0) G
L(0)
 (z)
form a complete set of duality data, i.e. completely determine the monodromies of conformal
blocks. Here the phases Ω(0) are read o as
Ω(0)+ = e
ib1 Ω(0)− = e
i(1−b(1−b))





Γ(w)Γ(w − u− v)

















Γ(2−w)Γ(u + v − w)




1It will be assumed throughout that z is dened by the principal value of the logarithm and that arg(z) 2
(−; 0]
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3.2. Solutions to decoupling equations (I)
This case is of course well-known [FZ, TK]. For the sake of a coherent presentation, I will
nevertheless present the relevant results.
Equation (I) of course implies F(x; z) = F+(z)+xF−(z). It straightforward to reduce the sys-
tem of two ordinary dierential equations that follows from the KZ-equations to hypergeometric
equations for F+(z), F−(z). The normalization prescription is
F(x; z)  zh21−h2−h1xj1+j2−j21(1 +O(x) +O(z))
in the limit of rst taking z ! 0, then x ! 0. A set of normalized solutions for the S- and








F (u+ 1; v; w; z) − x
v
w







xF (u−w + 1; v −w + 1; 1 −w; z)−
z
u− w + 1
1− w





+ = (1− z)
t−j3zt−j1

F (u+ 1; v; u+ v − w + 1; 1 − z)+
(1− x)
v
u+ v − w + 1




− = (1− z)
−t−(j3+1)zt−j1

(1− x)F (w − u;w − v;w − u− v; 1− z)−
(1− z)
w − v
w − u− v
F (w − u;w − v + 1; w − u− v + 1; 1 − z)






it−j1 Ω(0)− = e
i(1−t−(j1+1))




Γ(w)Γ(w − u− v)

















Γ(1−w)Γ(u + v + w + 1)




3.2.2. Reduction to Liouville conformal blocks
There are general arguments [FGPP][PRY] that taking the limit x ! z relates the WZNW
conformal blocks to their Liouville counterparts. Here one nds
F
(0)
+ (z; z) = z
t−j1(z − 1)t−j3F (u; v;w; z)
F
(1)
− (z; z) =
u
u− w + 1
z1−t−(j1+1)(z − 1)t−j3F (u− w + 1; v − w + 1; 2− w; z)
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3.3. Solutions to decoupling equations (II)
It is easy to see that equation (II) in 2.4.3. coincides with the third order ordinary dierential
equation satised by the generalized hypergeometric function F1(; ; 
0; γ;x; z) of Appell and
Kampe de Feriet ([AK], Chap. III, eqn. (31)), provided one identies the parameters as follows:
 = − = j4 − j1 − j3 + t=2  = t
0 = − 1 + t− 2j1 − 2j3 = t=2− j1 − j3 − j4 − 1 γ = t− 2j1
(42)
Equation (II) has three linearly independent solutions, unique up to linear combinations with
arbitrary functions of z as coecients. The z dependence is determined by the KZ-equation: If
one sets
F(x; z) = z−j1(1− z)−j3F (x; z); (43)
then the KZ equation for F is equivalent to a similar equation for F which may easily seen
to be one of the partial dierential equations satised by F1, namely the rst of eqns. (13),
Chap. III in [AK]. The function F can therefore be any linear combination of the three linearly
independent solutions of the system of partial dierential equations for F1. As shown in [AK],
Chap. III, pp. 55-65, each of them can be expressed in terms of the function F1 itself, for which
one has representations
F1(; ; 





dt t−1(1− t)γ−−1(1− xt)−(1− zt)−
0
(44)
or as the power series
F1(; ; 










The task now is to identify solutions to the F1 equations with conformal blocks corresponding








It may be shown that for generic (i.e. non-integer) values of 2j1−t and t there indeed exist three
linearly independent solutions of the form (45). These are uniquely specied up to multiplication
by (x; z)-independent factors once one has chosen one of the three possible values for r:
r+ = 0 r− = −t r = 2j1 + 1− t: (46)
The values of s for the corresponding solutions are
s+ = −j1 s− = j1 + 1 s = −j1: (47)
In order to identify these solutions with conformal blocks one needs to have ri = j1 + j2 − j21;i
(i 2 f+;−;g) and si = (j21;i)−(j2)−(j1) which is satised by
j21;+ = j1 − t=2 j21;− = j1 + t=2 j21; = −j1 − 1 + t=2: (48)
1For the rest of the section I will consider x 2 (0; 1) so that the absolute values disappear
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One thereby recovers a special case of the fusion rules derived in [AY]. Note that the values s+
and s coincide.
The task is now to nd the explicit expressions for these solutions in terms of the F1-functions.
The relevant solutions of the F1-system will be denoted F+, F−, F respectively, the correspond-
ing conformal blocks by F ! F , cf. (43). A table of solutions to the system of equations satised
by F1 that possess simple integral representations similar to (44) has been given in [AK], Chap.
III, Sect. XV. The ones that will be needed below are
Z1 = F1(; ; 
0; γ;x; z)
Z2 = F1(; ; 

































In view of above considerations it suces to rst take the limit z ! 0 (our variable z corresponds
to y in loc. cit.), before taking x! 0 in order to compare the asymptotic behavior of the solutions
given in loc. cit., p. 62 with that expected for the conformal blocks. In this way one easily
identies F+ = Z1 and F− = Z5. Finding the solution corresponding to F is a little more












From the power series expansion of F1 one easily sees that Z8 is analytic as function of z in a
neighborhood of z = 0 and
Z8jz=0 = x
−F (; + 1− γ;+ 1− ; 1=x);
where F (; ; γ; x) is the ordinary hypergeometric function. This is rewritten in terms of func-
tions with simple asymptotics for x! 0 by using standard results on the analytic continuation
of hypergeometric functions:
Z8jz=0 = e
iΓ(+ 1− )Γ(1− γ)
Γ(+ 1− γ)Γ(1− )
F (; ; γ; z)
+ ei(γ−−1)
Γ(+ 1− )Γ(γ − 1)
Γ()Γ(γ − )
x1−γF (+ 1− γ;  + 1− γ; 2− γ;x)
for arg(−1=x) 2 (−; 0]. Since 1−γ = 2j1 +1− t, the second term has the asymptotics required
for F which may therefore be represented as
F = e
−i(+1−γ) Γ()Γ(γ − )
Γ(+ 1− )Γ(γ − 1)
(Z8 − e
iZ1) for arg(−1=x) 2 (−; 0];
with a similar expression for arg(−1=x) 2 (0; ]. In this way one nds the following two bases
for solutions:
F (i) = z









i(+1−γ) Γ()Γ(γ − )
Γ(+ 1− )Γ(γ − 1)

Z8 − e
−iΓ(+ 1− )Γ(1− γ)














0−γ)Γ()Γ(1 + + 0 − γ)
Γ(+ 1− )Γ(+  + 0 − γ)

Z8 −
Γ(+ 1− )Γ(γ − −  − 0)






3.3.1. Fusion and braiding
The Ω(0) -factors are
Ω(0)+ = e
−ij1 Ω(0)− = e
i(j1+1) Ω(0) = e
−ij1
The fusion matrix may be computed from the integral representations of the Zi-functions by
using the technique exemplied in chapter III, section XVI of [AK]. The result is
F (0)+ =
Γ(γ)Γ(γ −  − 0 − )
Γ(γ − )Γ(γ −  − 0)
F (1)+ +








Γ(2 +  − γ)Γ(γ −  − 0 − )
Γ(1− 0)Γ(1 − )
F (1)+ + e
i Γ(2 +  − γ)Γ( + 
0 − γ)
Γ(1 +  + 0 − γ)Γ(1− γ + )
F (1)−
+ei(+
0+−γ) Γ(2 +  − γ)Γ(γ − − 
0)Γ(+  + 0 − γ)






Γ(2− γ)Γ(γ −  − 0 − )
Γ(γ −  − 0)Γ(1− )
F (1)+ − e
iγ Γ(2− γ)Γ(+ 
0 − γ)









sin(γ − − 0)

Γ(2− γ)Γ(+  + 0 − γ)
Γ()Γ(1 + + 0 − γ)
F (1)
!
3.3.2. Alternative choice of basis for conformal blocks
An important simplication of the fusion relations is achieved by using the following linear






Γ( + 0)Γ(1 +  − γ)
Γ()Γ( + 0 + 1− γ)
F (0) +





Γ(1− )Γ(1 +  − γ)
Γ(2− γ)
F (0) +
Γ(1− 0)Γ(γ −  − 1)







Γ( + 0)Γ(γ − − 0)
Γ(γ − )Γ()
F (1) +
Γ( + 0)Γ( + 0 − γ)
Γ(+  + 0 − γ)Γ(0)
F (1)−
G(1)s =
Γ(1− )Γ(γ − − 0)
Γ(1 + γ − −  − 0)
F (1) +
Γ(1− 0)Γ(+ 0 − γ)
Γ(1 + − γ)
F (1)−
The fusion relations for this basis read
G(0)+ =
Γ(γ)Γ(γ −  − 0 − )
Γ(γ − )Γ(γ −  − 0)
G(1)+ +




Γ(2− γ)Γ(γ −  − 0 − )
Γ(1− )Γ(1−  − 0)
G(1)+ +
Γ(2− γ)Γ( +  + 0 − γ)




Two remarks will be important below:
1. The fusion matrix in the subspace spanned by G(0)+ G
(0)
− is identical to that of the Liouville
conformal blocks GL(0)+ , G
L(0)
− . This will be further explained in the next subsection.
2. The conformal block G
(0)
s transforms into itself under fusion.
3.3.3. Reduction to Liouville conformal blocks








Γ(+  + 0 − γ)Γ(1− γ)








Γ(γ)Γ(+  + 0 − γ)

Z1 −
Γ(γ)Γ(γ − −  − 0)
Γ(γ − )Γ(γ −  − 0)
Z2

Since F1(; ; 







that property. By using
F1(; ; 
0; γ; z; z) = F (;  + 0; γ; z);
standard relations on analytic continuation of hypergeometric functions and observing that
 = u  + 0 = v γ = w














− respectively for x ! z. Gs
however will not be analytic in x around x = z but rather behave as
Gs  (x− z)
1−−0(C1 +O(x− z))
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3.4. Crossing symmetric combinations of conformal blocks
It will be useful to reconsider the Liouville case rst since it can be used to facilitate the
analysis of the other cases.
3.4.1. Liouville case revisited






; where E  C
L
(



































γ (b(21 − b)) γ (b(21 − b)− 1) γ
(













one may consider the special case 1 = 4 =
, 3 = −b=2. Using that CL(j4jj3; j21) = BL(j4)CL(j4; j3; j21) one now gets an equation that
involves CL (1) only. It is clear that the crossing symmetry relations (39) can not determine
the normalization of operators. The resulting freedom is xed by imposing the normalization
condition CL+() = 1. Given that normalization, equations (49) determine C
L
−() to be
CL−() = L(b)γ(2− b(2 − b))γ(2b);
where L(b) represents the only leftover freedom, which corresponds to the cosmological constant.
Inserting this into (49) yields the functional relation for CL(3; 2; 1) derived in [Te]:
CL(3; 2; 1 + b)
CL(3; 2; 1)
=
−1L (b)γ(b(21 + b))γ(2b1)γ(b(3 + 4 − 1 − b))
γ(b(1 + 3 − 4))γ(b(1 + 4 − 3))γ(b(1 + 3 + 4 − b)− 1)
:
A second functional equation is of course obtained by b! b−1 and L(b) ! ~L(b−1) These two
functional equations are solved by an expression of the form
CL(1; 2; 3) =
(L(b))
−b−1(1+2+3) (21)(22)(23)
(1 + 2 + 3 − b− b−1)(1 + 2 − 3)(1 + 3 − 2)(2 + 3 − 1)
;
if L and ~L are related by (~L(b
−1))b = (L(b))
b−1 and (x) satises the functional relations
(x+ b) = γ(bx)b1−2bx(x) and b! b−1. Such a function was introduced in [DO] and [ZZ]. In






















Taking into account the requirement of symmetry of CL(1; 2; 3) it was shown in [Te] that
for irrational values of b the solution is unique up to a possibly b-dependent factor.
Let me summarize for future reference the properties of (x) that will needed:
1. Symmetries (Q− x) = (x), b(x) = b−1(x).
2. Functional relations (x+ b) = γ(bx)b1−2bx(x) and b! b−1.
3. Poles at x = xm;n = −mb−1 − nb and Q− xm;n for m;n 2 Z0.
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3.4.2. Case (I)




γ(b(1 + 3 − 4 − b=2))γ(b(1 − 3 + 4 − b=2))γ(1 − b(3 + 4 − 1 − b=2))
γ2(b(21 − b))γ(1 − b(1 + 3 + 4 − 3b=2))
:






The resulting functional relation diers only very slightly from the Liouville case:
C(4; 3; 1 + b)
C(4; 3; 1)
=
((b))−1γ(b(21))γ(b(21 + b))γ(b(3 + 4 − 1 − b))
γ(b(1 + 3 − 4))γ(b(1 + 4 − 3))γ(b(3 + 4 + 1 − b))
3.4.3. Case II
From the results on the duality transformation in the G-basis it is clear that the most general
crossing invariant combination of conformal blocks is














 (y; z) have been used.





























































(a−b − b−a) = E
L
−






γ(b−1(1 + 3 + 4 −
b−1
2 )− 1)γ (b
−1(21 − b−1)− 1)




γ(b−1(1 + 3 − 4 −
b−1
2 ))γ(b
−1(1 − 3 + 4 −
b−1
2 ))
γ (b−1(21 − b−1)) γ (2b−11 − 1) γ(b−1(3 + 4 − 1 −
b−1
2 ))














−1))γ(b−1(3 + 4 − 1 − b−1))
γ(b−1(1 + 3 − 4))γ(b−1(1 + 4 − 3))γ(b−1(3 + 4 + 1 − b))
The three-point function is therefore given by
C(1; 2; 3) = C0(b)
((b))−b
−1(1+2+3) (21)(22)(23)
(1 + 2 + 3 − b)(1 + 2 − 3)(1 + 3 − 2)(2 + 3 − 1)
(50)
where (~(b−1))b = ((b))b
−1
. The leftover freedom represented by C0(b) and (b) can be xed
by calculating the residues of the poles of C(1; 2; 3) in a free eld representation.
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4. Intermediate representations
The aim of the present section is to formulate a conjecture on the set of intermediate rep-
resentations contributing to a four point function in an expansion like (1), and to give some
evidence for that conjecture.
The proposal is most easily formulated if j1; : : : ; j4 are in the fundamental range (6). In
that case it is conjectured that in (1) integration is to be extended over the set fj21; j21 = −
1
2 +
i21; 21 2 Rg. The correlation functions for values of j4; : : : j1 other than within the fundamental
range are obtained by analytic continuation from those with j4; : : : j1 in the fundamental range.
To complete the conjecture assume1 that the conformal blocks are entire analytic as functions
of j4; : : : j1, so that the only poles of the integrand in (1) are those of the structure constants. In
the process of analytic continuation it will happen that poles of the integrand hit the integration
contour, which therefore will have to be deformed. Integration over the deformed contour can
be rewritten as integration over the original contour plus a nite set of residue terms.
Evidence for that conjecture is rst found by considering the semi-classical limit t!1 for the
four point functions, where the set of conformal blocks that one has to include in an expansion
such (1) can be determined explicitly.
A second nontrivial check is obtained by showing that the conjecture together with the result
on the structure constants indeed correctly reproduces the fusion rules when considering the
analytic continuation of the four point function to the case that one of the external ji, say j2
equals jr;s.
4.1. Semiclassical asymptotics
As discussed in 1.1. one will have a good candidate for the set of J21 to integrate over in (1)
if one has found sets B21 and B32 of conformal blocks that can be expressed in terms of each









F tj32(z3; z2) , (51)
and the corresponding inverse relations. This is the problem that will be solved in the semi-
classical asymptotics t ! 1. The leading asymptotics of the conformal blocks is expected to
become independent of the zi-variables (cf. (31), so that the problem of decomposing s-channel
into t-channel conformal blocks becomes equivalent to the Racah-Wigner problem for the class of
sl2 representations considered. It is important to note that in the present case one has nontrivial
fusion matrix in the semi-classical limit even if braiding becomes trivial.
I will present two dierent ways to establish a relation of the form (51) in the semi-classical
limit. The rst one will be based on the spectral analysis of the operators P and Q appearing in
the KZ equation, the second consists of a direct calculation of the semi-classical fusion matrix,
which works even for a wider range of values of the external jk. However, by putting the
problem into a Hilbert space framework, the approach via spectral analysis immediately leads
to interesting conclusions for the case of imaginary t, which should be important for the approach
1If the power series expansion for solutions of KZ could be shown to converge, this appears to follow from the
considerations in 2.4.2. as long as only j21 = − 12 + i21 is considered. For the residue terms picked up in analytic
continuation one needs a rened analysis.
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to quantization of dimensionally reduced Einstein gravity presented in [KS], and may be expected
to play a role in a general proof of (51).
4.1.1. Relation to spectral problem for P , Q
In the semi-classical limit t ! 1 the conformal blocks become zi-independent as seen from



























for the s-channel semi-classical blocks with intermediate representation j, and a similiar expres-
sion for the t-channel. The so constructed semi-classical s- (resp. t-) channel conformal blocks














The problem at hand is therefore to decompose eigenfunctions of t21 in terms of eigenfunctions
of t32 (or vice versa). By projective invariance (24) it suces to consider the functions F
(0)
j
of the real valued cross-ratio x, on which t21 and t32 are represented by P and Q respectively.




; j21 2 I21g resp. fF
c(t)
j32
; j32 2 I32g are shown to form bases of eigenfunctions of P resp.
Q in some Hilbert-space H for appropriate index sets I21 (resp. I32).
What one has to do is therefore to introduce an appropriate Hilbert space structure such that
P resp. Q become self-adjoint and to study the associated spectral problems. This will turn out




+ ii; i 2 R for i = 1; : : : ; 4; (52)
which will be the case considered in this subsection unless otherwise stated.
The space of eigenfunctions of P to a given eigenvalue is two-dimensional: both Fcj and F
c
−j−1







2 + i(1 − 2 − );
1
2 + i(4 − 3 − ); 1− 2i;x

:
Finally, it suces to focus on the spectral problem for P since the case of Q is obtained by
exchanging x$ 1− x, j1 $ j3.
4.1.2. The Hilbert space structure





The next thing to show is that w.r.t. this scalar product P and Q are in fact self-adjoint. To
this aim it is useful to rewrite P as
P = @xp(x)@x − fi@x; q(x)g+ r(x);
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where f:; :g denotes the anticommutator and
p(x) = x2(1− x)
q(x) = i(x2(2 + j2 + 1)− x(j1 + j2 + 1))







 is dened as  = j1 + j2 + j3 − j4. Note that all the functions p, q, r are real valued for the
set (52) of ji under consideration. It is then easy to see that
(Pf; g) − (f; Pg) =
h
p(g@xf




; where [h(x)]ba = h(b)− h(a): (53)
P will therefore be selfadjoint on the space of functions with sucient decay at innity.
With the help of (53) one may now check that any two eigenfunctions of P with dierent
eigenvalues are orthogonal: One has to split the integration over the real axis into integrations
over the intervals (−1; 0), (0; 1), (1;1) in which the f are regular. All one needs to know is



















−1+i(1+2+3−4) for jxj ! 1
With a little calculation one may now check that the terms from the singular points at 1 and
1 cancel. Therefore one is left with







which converges to 0 in the distributional sense as long as q() 6= q(0).
4.1.3. Completeness
The proof of completeness of the ff; 2 Rg in L2(R) will be based on the general result
([Yo], chap. XI, sect.9) that the spectral expansion of a selfadjoint operator P on a Hilbert






















where v may be any vector in H and the convergence is understood as strong convergence. In
the present case it is possible to construct the resolvent explicitly from the f.
It will be necessary to introduce the variable  that was used to parameterize the eigenfunc-










for q 2 [1=4;1]: (54)
Two linearly independent eigenfunctions with the same eigenvalue q are then given by
f+q (x)  f(q)(x); f
−
q (x)  f−(q)(x):
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As a further preparation write
fq (x)  d(x)g






where the function d(x) was chosen such that
Pd(x) = d(x)P 0; where P 0 = @xp(x)@x + r
0(x):
With the help of these denition one may write down an operator that almost gives the resolvent:
R0q(x; f ] =
Z 1
−1









0)d−1(x0) for x > x0
R0(x; f ] satises










Now @xW (x) = 0 as a consequence of the fact that g(q) satises (P
0 − q)g(q) = 0. One may
therefore evaluate W by taking the limit x! 0 with the result W = −2i. The resolvent kernel
is therefore given by
R(x; x0; q) = W−1R0(x; x0; q):
Having constructed the resolvent one may determine the spectrum as follows: First the points
of the discrete spectrum are identied as poles of R(x; x0; q) as a function of q (cf. [Yo], loc.cit.)
that lie on the real axis of the complex q-plane. With the exception of q = 1=4$  = 0, which
will be seen to correspond to the lower boundary of the continuous spectrum, there are none.










R(x; x0; q − i)−R(x; x0; q + i)

By denition of (q) one has lim!0 (q − i) = lim!0 (q + i) for q < 1=4 as well as
lim
!0
(q − i) = (q); lim
!0
(q + i) = −(q) for q > 1=4:
The spectral projection therefore receives non-vanishing contributions only if [a; b] has nonzero







































and similarly for x < x0.
To summarize, I have found that the interval (−1; 1=4] contains neither discrete nor continu-
ous spectrum, whereas any q 2 (1=4;1] belongs to the continuous spectrum. The point q = 1=4
requires extra discussion.
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4.1.4. Direct calculation of the fusion matrix
I will now present a direct calculation inspired by [BM] of the semi-classical fusion matrix.
This approach will have the additional advantage to work for a larger range of the ji-values, so
I will consider complex ji with certain restrictions to be specied below only on their real parts.









−d; c+ n− 1;−n
a b

xnF (a+ n; b+ n; c+ 2n;x)
This formula holds for any value of a; b; c on the right hand side. It can be turned into an
expansion into eigenfunctions of P if one identies
a+ n = j1 − j2 − j b+ n = j4 − j3 − j
c+ 2n = −2j n = j1 + j2 − j:
Summation over n may be traded for integration over j’s corresponding to principal series
intermediate representations by identifying the right hand side as the sum over the residues at
j − j1 − j2 = −n of
H(j; j4; : : : ; j1; d;x)  Γ(j − j1 − j2)
Γ(j1 − j2 − j)Γ(j4 − j3 − j)Γ(−j1 − j2 − j − 1)




−d;−j − j1 − j2 − 1; j − j1 − j2
−2j2 j4 − j3 − j2 − j1

xj1+j2−jF (j1 − j2 − j; j4 − j3 − j;−2j;x):
In fact, considered as function of j one nds that H(j4; : : : ; j1; j;x) has the following poles:
j = j1 + j2 − n1 j = −j2 − j2 − 1 + n2
j = j1 − j2 + n3 j = j4 − j3 + n4
n1; : : : ; n4 2 Z0
One nds only the \wanted" poles j = j1 +j2−n;n = 0; 1; 2; : : : within the half-plane fj;<(j) <
−12g i
<(j1 + j2) < −
1
2
<(j1 − j2) > −
1
2
<(j4 − j3) > −
1
2









j + 12  = r;<(j + 12) < 0}
for r!1. However, by using the estimates on the integrand given in [BM], one recognizes that








dj H(j; j4; : : : ; j1; d;x): (55)
Now consider the semi-classical t-channel conformal block
Gtj32 = (1− x)
j2+j3−j32F (j3 − j2 − j32; j4 − j1 − j32;−2j32; 1− x)
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By expanding the hypergeometric function as power series in 1−x, applying (55) and exchanging





















Γ(j21 − j1 − j2)Γ(j4 − j3 − j21)Γ(−j21 − j1 − j2 − 1)Γ(j1 − j2 − j21)




Γ(j3 − j2 − j32 + n)Γ(j4 − j1 − j32 + n)Γ(−2j32)
Γ(j3 − j2 − j32)Γ(j4 − j1 − j32)Γ(−2j32 + n) n!
3F2

j32 − j3 − j2 − n;−j − j1 − j2 − 1; j − j1 − j2
−2j2 j4 − j3 − j2 − j1

The summands have large n asymptotics nj21+j3+j4, so if also <(j3 + j4) < −1=2 one has
absolute convergence, which justies the exchange of summation with integration that had been
performed.
4.1.5. Semi-classical bootstrap
The results obtained in this subsection provide the basis for a \baby-bootstrap" approach to
the construction of the semi-classical asymptotics of four point functions in the form (1). To
complete the bootstrap program one has to nd semi-classical coupling constants C(j3; j2; j1)
such that (1) is crossing symmetric. This can be done1 by observing an interesting connection
with the semiclassical asymptotics of the H+3  SL(2;C)=SU(2) coset model treated in [T2]:
There it is possible to represent the semi-classical four point function asZ
H+3
dh j4x4x4(h) : : :
j1
x1x1(h);
since the H+3 WZNW model reduces in the semi-classical limit to quantum mechanics on the
Hilbert space L2(H+3 ) and the primary elds 
ji
xixi are represented by the multiplication opera-
tors jixixi(h). In this form crossing symmetry is manifest. To obtain an expansion in the form
(1) one may then use completeness of the set fjxx; j = −
1
2 + i; x 2 Cg in L
2(H+3 ) that follows
from the results in [GGV]. One ends up with [T2]















2 + ijj2; j1

F(x4; : : : ; x1)F(x4; : : : ; x1); (56)
where





and Cc(j3; j2; j1) is given by
Cc(j3; j2; j1) =
Γ(−j1 − j2 − j3 − 1)Γ(j3 − j2 − j1)Γ(j2 − j1 − j3)Γ(j1 − j2 − j3)
Γ(−2j1)Γ(−2j2)Γ(−2j3)
1The following remarks will be quite sketchy. Details will appear in [T2].
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In fact, the result for Cc is just the semi-classical asymptotics of the result on the structure
constants found in the previous subsection. The result for SL(2,R) is obtained from the semi-
classical four point function of the H+3 WZNW model simply by replacing the complex conjugate
variables x; x by real and independent variables x; y, which of course doesn’t change fusion
relations and crossing symmetry. It follows that the semi-classical limit of (1) as proposed in
the present paper is indeed crossing symmetric.
4.1.6. Knizhnik-Zamolodchikov equations in the case of imaginary t
Although one is primarily interested in the case of real t when studying the SL(2,R) WZNW
model, there are other physical models where the KZ equations (31) appear with imaginary t.
A very interesting example is the approach to quantization of dimensionally reduced gravity
presented i.e. in [KS][NKS] and references therein.











when considered for z 2 R. Consider the interval z 2 (0; 1) as example for one of the three
intervals on R in which (57) is nonsingular. Map (0; 1) to (−1;1) by z = (1 − e− )−1. (57)
takes the form







If one restricts attention to the interesting case that the ji, i = 1; : : : 4 correspond to principal
series representations of sl2, ji = −
1
2 + ii, then it follows that H is indeed selfadjoint in the
Hilbert space H introduced in 4.1.2..
One is therefore dealing with a quantum mechanics with time-dependent Hamiltonian H that
for t ! 1 goes into the \free" Hamiltonians P and Q respectively. What has been called
s-channel conformal blocks now corresponds to solutions of (58) that have asymptotic behavior
F (s)21 ’ e
i~221
and similarly for the t-channel conformal blocks with 1 ! 3. Given the results on the spectral
decomposition of P and the fact that time evolution with the Schro¨dinger equation (58) preserves
scalar products, it should be possible to conclude that s-channel conformal blocks fF
(s)
 ; 2
Rg form complete bases for the space of solutions of the KZ equations in H (similarly for
Q). Constructing the transition between s- and t-channel conformal blocks appears as kind of
scattering problem, where the fusion kernel describes the S-matrix. It maybe worthwhile to
work out the mathematical details.
Results of this type should be relevant for the program of [NKS], as well as possibly quan-
tization of the moduli space of flat SL(2,R)-connections. Unfortunately it is not clear to me
whether they will be of use for the case of real t needed in the SL(2,R) WZNW model. One
would need something like analyticity in t. However, it is well possible that expansion in t−1 is
not convergent but only asymptotic.
4.2. Fusion rules for the representations Qr;s
If one sets i.e. j1 in the expression for the structure constants (50 to any of the values j

r;s
where the corresponding Verma module contains null vectors then the structure constants will
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generically vanish. This need not to be true for the residue terms picked up in the analytic
continuation from the fundamental range to one containing j1 = j

r;s. The factorization in (1)
therefore reduces to a sum over a nite number of terms only. It is a nontrivial check on the
proposed choice on integration contour in (1) that these terms turn out to be precisely those
predicted by the fusion rules from decoupling of the respective null vectors.
Consider i.e. analytic continuation of j1 to j
+
r;s while keeping j2; j3; j4 6= j

r0;s0 for any positive
integers r0; s0. It will again be convenient to use the variables i = −bji. In this situation
only the residue terms from poles of C(j; j2; j1) will be relevant. Consider i.e. the poles from












It is easy to check that one needs m  r, n  s− 1 to get non-vanishing of these residue terms.
Similarly one nds non-vanishing residues
from the poles at
8<:
1 + 2 − 3 = −mb− nb−1
2 + 3 − 1 = (m+ 1)b + (n + 1)b−1
1 + 3 − 2 = −mb− nb−1
9=; only for
8<:
m  r; n  s
m  r; n  s− 1
m  r; n  s
9=;
The range of values for j3 for which the residue terms may be non-vanishing coincides with
that given by the fusion rules (35,36) that follow from decoupling of the null vector in the
corresponding Verma module.
Up to this point the choice of contour for the integration over j did not enter the discussion at
all. The question that does crucially depend on the choice of contour is whether these residues
are really picked up in the process of analytic continuation and contour deformation sketched
above. To analyze this question it is convenient to start by considering the case that the analytic
continuation has been performed such that j1 − 2j <
b
2 . Under that condition one picks up
only poles of −1(1 + 2 −
b
2 − i)
−1(1 + 2 −
b
2 + i). One should imagine 1 + 2 to
move slightly o the real axis in order to avoid that the poles of these two -functions occur
simultaneously.




2 one has hit the pole with
<(1 + 2 −
b
2) = −mb− nb
−1 is
1 + 2 −
b
2 = −rb− sb
−1 − 1−2 < −mb− nb
−1 (59)
if 2 = 1 + b

2 for some  2 (−1; 1). Integers m;n such that 0  m  r and 0  n  s will
satisfy (59) for any value of b > 0. For any such m, n one gets residue terms from the poles at
both 1 + 2 + 3 − b = −mb− nb−1 and 1 + 2 − 3 − b = −mb− nb−1. In the special case
j1−2j <
b
2 considered one will therefore indeed pick up as many residue terms as are allowed
by the fusion rules. If one then considers more general cases for j1 − 2j it is easy to convince
oneself that for any pole of −1(1 + 2 −
b
2 i)
−1(1 + 2 −
b
2 + i) that is missed one gets
an additional pole from −1(1 − 2 +
b
2 − i)
−1(2 − 1 +
b
2 − i).
To summarize, I have found some evidence for the conjecture on the set of intermediate rep-
resentations by showing that it reproduces the known fusion rules for fusion of a representation
Qr;s and a generic representation with spin j1 upon analytic continuation of a generic four point




5. Conclusions and outlook
The results presented in this paper amount to a complete although to some extend conjectural
denition of the four point function for the SL(2,R) WZNW-model.
From the point of view of physical applications such as to the black hole cosets, I would like
to emphasize two results of the present paper:
First, the explicit formula for the three point function immediately gives an important subset
of the possible three point functions of the SL(2,R)/U(1) coset CFT’s, namely those where
the winding number is conserved. It remains to do the Fourier transform from x-variables to
m-variables. I intend to discuss these issues in more detail elsewhere.
Second, it seems that I have stumbled over a possible resolution of the notorious stability
problems of the SL(2,R) WZNW-model and some of its cosets. In the path integral they arise due
to the unboundedness of the action, in canonical quantization they manifest in unboundedness of
the energy spectrum. From the point of view of the conformal bootstrap these problems would
show up mainly as intermediate representations with real j(j + 1) > 0 as the corresponding
conformal dimensions (j) = −b2j(j + 1) become negative. If the spectrum of values for
(j) was not bounded from below one might expect expansions such as (1) to be rather ill-
behaved. The proposal on the set J21 to integrate over in (1) now amounts to the conjecture
that for j4; : : : ; j1 within the fundamental range one does not have to include contributions from
representations with negative conformal dimensions in order to get crossing symmetry resp.
locality. Analytically continuing to other values of j4; : : : ; j1 one gets only a nite number of
residue terms that might correspond to intermediate representations with negative conformal
dimensions.
What I would like to point out is that already in the semi-classical asymptotics (\mini-
superspace limit") one would naively expect the potentially troublesome representations with
j(j+1) > 0 to occur. However, it has been shown in 4.1. that these representations do not have
to be taken into account to get crossing symmetry. Let me explain this a bit more in detail.
Naively one would be led to dene the semi-classical four point functions by an integral over
SL(2,R): Z
SL(2;R)
dg j4m4n4(g) : : :
j1
m1n1(g); (60)
where the semi-classical analogs of the vertex operators jimini are just certain functions on
SL(2,R). A complete set of intermediate states that one may insert to rewrite (60) in the form
(1) will contain states with arbitrarily large j(j + 1) as follows from the Plancherel-formula
for SL(2,R), cf. [Ba][H-C]. These potentially problematic states are associated with discrete
series representations. From this point of view the results of 4.1. amount to the statement
that projecting out the intermediate states corresponding to discrete series representations is
consistent with crossing symmetry. This should have as counterpart the possibility to somehow
restrict the range of integration over SL(2,R) in (60) such that the integral is still SL(2,R)
invariant, but it is not easy to see what this restriction can be.
In view of the fact that in cosets such as SL(2,R)=SO(2)vector or SL(2,R)=SO(1; 1) one generi-
cally nds states related to discrete series representations on the mini-superspace level, I expect
mechanisms such as just proposed to be crucial for any attempt to make sense out of these cosets
as conformal eld theories, as well as for a complete understanding of their physics supposed to
describe particle scattering in a black hole background [DVV].
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From a mathematical point of view the method used to determine the structure constants
by considering fusion of representations with j2 = 1=2 and j2 = −t=2 and generic represen-
tations may appear somewhat analogous to what is known as translation functors [Zu] in the
representation theory of semi-simple Lie groups. There one exploits the fact that tensoring with
nite dimensional representations acts via \shifts" on certain categories of innite dimensional
representations to gain information on these categories. The proposal here is to consider the
representations R^r;s that are obtained by dividing out the null subspaces of the Verma mod-
ules V^r;s as analogues of the nite dimensional representations, and the fusion of these with
representations P^j as an ane analogue of the translation functors. However, in the present
context it appears to be potentially even more powerful since one now has two elementary
\shift"-operations with with generically incommensurable periods 1=2 and −t=2. The result on
the uniqueness of the C(j3; j2; j1) illustrates this point of view. I expect that similar methods
will prove useful in a variety of further problems where continuous sets of representations are
involved.
The crucial question that has to be answered in order to prove that construction of the
SL(2,R) WZNW model along the lines proposed in this paper is possible will of course be the
question of crossing symmetry resp. locality of (1). Also a number of mathematical issues
such as convergence of the series expansions dening the conformal blocks or existence of fusion
relations have to be settled in order to put the present proposal on rmer ground. Within the
framework sketched in 1.1. a possible strategy to proceed could consist of the two following
steps:




with j21 = −
1




involves only those with j32 = −
1
2 + i32. This will probably amount to a deeper analysis
of the KZ-equations. It seems probable that the results on the spectral decomposition of
P , Q from 4.1. will be useful ingredients for such investigations.
2. This should lay the grounds to establish a connection between the fusion kernel and the
q-6j symbols of a certain1 noncompact quantum group. Given that connection, crossing
symmetry resp. locality would boil down as in [GS] to orthogonality relations for the q-6j.
Even without knowing their explicit expressions it should be possible to derive these orthog-
onality relations for ji’s corresponding to q-analogues of the principal series representations
from unitarity arguments, and to extend to more general ji by analytic continuation.
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